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NATURE OF THE PROBLEM

The concept of the "counting numbers", 1,2,3,¢.., which are known to
mathematicians as "natural numbers" or "positive integers", i1s deeply
ingraiﬁed in moat of us. So deeply, in fact, that it is sometimes diffiocult
for ﬁs to understand how a child learns this concopt and to appraciate the
trouble that the human reace hes encountered in utilizing number ideas.
'Conaidér; for exanple, a kimdergaften'teacher“whoae cless is given dixie
cupé by,a donor uncertzain of the size of the class., The teacher quickly
determines which is ggggz, the number of dixie cups, or the number of

kindergarteners. In order to determine this, she counts the dixie ‘cups

and vigualizes a one-ocne corresﬁdndenée between the set of kindergarteners
and (hopefully) a subset of the dixie cupe. |
In order to see more fully the differences among the three notions

underlined above, and the relations asmong them, consider thess situationa,

lo Ievi Conuant in The Number Coné&nﬁ tells of a farmer who wan
determined to be rid of a certain pesky orows The orow, however, flew away
whene?er'the farmer left the house with his shotgun, and returned to the s
sorn cerib only when the farmer returned the gun to the house. The fnrmer}\s\ffﬁ\

not to be ocutfoxed by o crow, pervenaded a friend to bring his gun along ;R\w\ {/:;/r
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his next visit. When the friend arrived, he and the farmer started for
fhe barn, guns in hand. The orow flew off, to watch the prooeedings from
the safoty of a distant tree. The farmai returned his gun to the house‘
while his friend waited in the bari for the orows. But the crow remained at
a distance, until the farmer's friend returned to the house in disgust.

The fermer's next move was to éall the members of the NFO (National
Fors Organization), who were to meet at hie house the following waekend,
and invite them to bring their bhofguns. When thaey arrivéd, three farmers,
with aﬁotguna, headed for the barny where one remained while the other two
.rétuﬁned.' From the safety of the tree, the crow commented "gaw', The
fa¥mers tried again, sending four of their members to the barn, Still the
¢row wasn't fooled, Finally, when five armed farmers entered the barn and
four of then returned to the house, the crow flew up from his tree and
down toward the corn-crib end his doom. |

In this story, the crow was presented with a'gimﬁlé'more than
problems to determine'whether the number of farmera entering the barn

wes more than the farmers roturrdng to the house. The problem wes clear,

the technique of solution was lacking.

2. A neighboring tribe threatens to attack & primitive villégéo The

chief of the villaga,decides 40 stand and fight if his warrlors are more

than the atbacking warriors, end to retrea’ othervise. He sends a scout
to determine the size of the enemy force. The scout returns and reportss
"many”. The chief perceives this as an inadequate reply, bul is at a loss
a8 to what to do mbout 1%, since the tribe's language is undeveloped and
has only three mumber words: one, two, and weny, The village wiseman is
summoned to attack this technical problem. He sends the scout out with a

pouch of pebbles and an erphy powche Por ench enemy the scout transfers
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oné pebble to thé empty pouch. He then returns and presents the pouch with
the transferrad pebbles to the ohief. |

Again the problem was oclear, but the technique for its solution vas
avkvard, Counting'would have saved the orow and helped the chief.

e can guess, from speculating about situations such as the ones above,
thatvhumber ooncapts were developed in close relation to the real situations
in vhich they were needed, On the other handj the child of today mormally
ldérnb to couﬁt before he has such mumber understanding. In fact, he often
gémorizes a sequence of number words before he has any conéeption of their
significancs. To a child of two or three ?eara, abbreviating "1,243,4,5"
fo "2!4,5"'19 no ﬁifferent than abbreviating "My dolly is sleeping now" to
"dolly slaép'now". Further, intelligent use of counting involves mich more
than mémoriéing'a sequence of words in the prover order, For example, as a
ohild is teught to ennmeraté sets of objeocte with the number sequencey he
may at first think thet he is being taught names for the objects, as is the
case when his mother points to a2 chair and says, wehair". It is common for
young ehildren, in early imitative experimenting with the process of
counting objeots, to say the number words over a set of objects with nc

appérant thought of matching one number with each ohject.

SOME PSYCHOLOGICAL KVIDIENCE

Psycﬁologista have studied the understandings and partial understandings

of number concepts gained by children at various stages in their development..

Without attempting g full analysis of the psychological theories involved,
we can, by examining some of the work of these péjchologists, gain inaight
into the kind of thought that children apply to number situations.

Specifically, let us look at a few of the experiments performed by Piagetl

1. Jean Plaget, The (hild's Conception of Number. (WNew York, The Humanities
Press Inc., 19525 Po 6l




and his agsocintes in order to understand better the process a child goes
thl: in attaining a working familiarity with number cconoepts. Keeping
these experiments in mind while reading Unit II should also allow a
comparison of she development of number ideas by children with the same

{deas developed from a more mathematical and logical point of view,

An Experiment involving the Basia conocgption of "more than" without number
ideans

Clairette, & four-year-old girl, is given a gless % full of orangeade

and her companion is given a similar glass ¥ full of lemonade.

@

Clairette agn'eés that both glasses have the same amount "to drink”. In

sight of the children, all the orangeade is poured into two smaller glasses;

and the experimenter ecke which is more, the orangaade or the lemonade.

Cleirette now asserts that there is more orangeade. She maintains this
in spite of further questioning. The experiment continues with the

orangeade being poured into a 10ng thin tuba.

] &

In this case the four-year-old asserts that thexe i3 more orangeade than
lemonade. When aasked why, she says, "We've poured it into that glass,”
Finally, the orangeade is poured into iwo glasses, and the lemonade is

poured into two similsr glasses. At this Clairette says, with conviction,

"They are the same."

7 B8




An Experigent inyolving One-Ong Correspondenget

Seven egg-oups are placed on a table in front of a boy of four years,

.

nine monthe., He is directed to "take Just enough eggs for the egg-cups,
nos more and not less, one egg for each cup”. The child begins by putting
next to the egg-cups a row of eggs of the samé¢ length, but oontaining too
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The egge are then put in the ocups and the extra omes removed.
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The seven eggs are removed from the cups, and put 1htr & groupo

.0:0.0:00.0/0")

The experimenter asks, "Is there the same number of eggs and egg-cupa?"

many eges.

Vud

"o, there are a lot of sgg-cups end less eggs.

"Are there enough eggs for the eggecupsa?™

"NOO "

A11 of the eggs are removed and four are reburned in a row of the same

length ag the row of cups.

Zfﬂﬂ’ﬂ[{)jﬂ
0 0 0. o

“Are there enough cgos oz thege egg omng?!

"Weos.®

Pouh then In yourncelf wnd ma0l”




The boy tries and seems very puch surprised tliat thera are not emough.

On another trial, with only three eggs for seven cups, the ocorreot

response, "There'll be some empty egg-cups" is given.

Ap Experiment involying both cuunting and oge-ome correcpondences
The experimenter and a 5/ year=old boy pley & game in which the

experimenter sells sweets for lg per cendy. The child is gliven eight

pennies to buy sweets. He counts the ponnies and exehangea’thém in a one

for one manmer for sweets.

The experimenter asks, "How many sweets have I given you?"

The boy counts, "Eight." '

The experimenter hides the penniés under his hand.

He asks, “How many pennies have you give. me?"

The boy answers, "Ten."

Similar experiments indicate that before a child will answer corructly |
‘questions of this type, requiring use of one-one correspondence combined
with counting to estzblish the number of elements in a set, he progresses
through stages of answering corrvectly for certain numbers, but not for
larger ones. For exarple, a child may regpond correctly for sets of
three pennies and sweets, but fail to do so for seven.

Although our main purpose, that of gaining some insight into a
child's development of understanding of number concepts, may be adequately
serﬁed by considering these experiments in isolation, let us briefly
pursue a portion of the psychological theoxy explaining the behavior
deseribed. This theory centers around the notion of "conservation". Two
types of conservafion involved in the experiments described above are

conservation of amount and conservation of pumber.
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In situations such as the lemonade experiment, a child is said to
have achieved conservation when he realizes that the amount of liquid
doas not depend on the number or shape of the containers which hold it.

In performing his experiments, Piaget cbserved that a ohild passes through
stages of “partial‘conservation", characterized by conflict between direct
perception and reason. For example, in the lemonéde experiment, e child
may admit that the amount of liquid in a glass iav§onserved when it is
poured into two similarily shaped glasses, but be ?verOOme by his perception
if the same liquid is poured into four tall, thip:glaases, which makes it
look to him as though the amount of liquid haa increaseds

The idea qf amount is a mathematioalephysical concept which may
produce confliét when o child is learning about number. In some situations,
the "more than" relation holds between two amounts or physical quantities
such as volumes or distances, but fails to hold between a relatéd pair of
mumbers. For example, you may get further with two giant steps thaen with
three baby stoeps.

A child has developed conservation of number for a particular set
of obJeeﬁa when he knows that the number of elements in the set is
unaltered by manipulation of the elements of the set (assuming, of course,
fhat the elements themselves are left intact.) In the egg-cup experiment,
e child would demonstrate this conservation by realizing that the number

of eggs in a set is the same whether the eggs are in a pile'or stretched

out in a long line. Partial conservation would be evidenced by a child's
consarving the number of a set of four eggs, but not of a set of sevens
or by consgrving the number of eggs in a plle when the egga are arranged
in a short 1iné, but not when the‘egga are used to wake a long line.

This brief explanation of gome of Piaget's work does not give an




adequate description of his theory. It suggests, however, that even the

most fundamental number concepts are nob grasped at once by children, but
attained slowly, through experienca.

In this section, we have speculated about thc historical development
of number concepts, and we have looked at one theory of the development
of number concepts in individmals. In the next section, the mathematical

4deas inherent in the natural numbers will be more carefully investigated.

EXERCISES AND DISCUSSION QUESTIONS

1, ' In the crow story, & sufficlently clever bird might have used
aome device to help him solve his problemi How might he have used
é, hia toas?

b, gome acorns?
¢. his beak to mark the tree?
d., ocome other device?

20 In %he primitive king story, the king decides o divide his army
into three equal parks, one for defense, one;ﬁo attack the enemy
camp, and one to pretect his sacred persoile
a. How oould he uee the pebbles to perform thig division?

b, Concoct a situstion for the king requiring addition and ancther
requiring subtraction, and desoribe o aoluticn using pebhles.

co Conjure up o division situation Lor Ha? kdng, o which the
glvon infornation inzindaes $ho mombor in oush groin, but nob
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"bs Suggest another conservation of number experiment, and
speculate about its outcome.
¢o Jrom your experience, describe some difficultles you have sean
young children have in understanding basic number ideas. Are
the difficulties explumieble in terms of conservation?
d. By what age do you think most (90%) of children conserve

quzntity? The number of elements in a set?

1
#

Unit 2, Sets and Cazdinal Number

INTRODUCTION
The modern mathematical attempts to analyze the matural numbers are
attempts to break down the number concept into component fundamental ideas.
s | The relation between the fundamental concepts isolated ﬁy mathematiciens
and the fundementsl concepts which o child must attein in the devclopment
of useable number ideas is of considerable intereato In order to discusse
this relation intelligently, some understanding of the set theory

discusgsed in this unit will be needed.

SET AND ELEMENT

The most fundomenial pre-number concept in mathematics is that of a
533? A pot is a cdlleetion of objects which are called the glemenis of
the set. &8 usual in mathematics, the fundamental terms are repeated
often, sc that some symbolic abbreviation is helpful., Thus, a set is
often described by listing lts elements hetween braoes,{'} « For example,
{@, @y i,'o, q} 1s the set whose elements are the letterm in our alphabet

which are always vowels. Ve can glve this set a nsme by ieﬁting

A = {?’ @y, 1, Oy g}. By introducing the symbol € for the words "is an
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element of" we can simply say "a€A" rather than the longer "a is an
element of the set whose elemonts are a, e, i, 0, U",

The cruclal property of a set is that its elements be unémbiguoualy
jdontified. Thus, whenever e specific set is being considered, it
should be made clesr what the elements of the set are. In purticuler,
since y is SOMETIMES but mot always a vousl, to speak of the "set of
vewels” ie embiguous, that is, no.set is determined by the words in
quotation merks.

Possibly some intuition into basic set notation can be gained by
considering briefly the motivating philosophy for the creation of ge’
theory. 'he idea of setlformation was conceived as a formalization of
one of the most fundsmental intellectual processess the process of
gathering togeﬁher s collection of things into a single category. Basic
set notation is meant %o convej thiz fundamental noticn, and nothing more.

In keeping with this cutlovk, {9,b,ai} and {ﬁgc,aé} are the same setb,
i.@o {g,bgcés = {P,a,q}o We are forced imto two symbols for the same
aet by the unavoidability of writing symbols for the elements in gome
ordero

Another ambiggity that may arise from the abstraction of symbolization

ig the ambiguity of repeating the same symbol. To {a;é& the same set as

{ggagy}? T 5 ohild has a red pencil apd @ blue pencil, the set whose

elements ere tho pencils is directly poveelwmad witheu: o whels, and tha
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There is another situation which arises because of our use of
symbols to denote the elements of a set, and which needs to be taken into
" account in teaching children about sets. There are instances in which
maintaining a careful one-one'correspondence between symbols ané objects
beédmés'awkward. For example, if we wish to picturs the set of John's
marbles, we might usé the symbols {a;@@a@} rather than .(_o.o,o,o.o}, to
indiéate that there are actually five different merbles not merely one
marble pictured five times. On the other hand, sometimes the desire to
use precise symbolism should be overridden. Answering the question "What

are the funny marks on the marbles?" might not be a good starting place

for a lesson about sets or addition, and children will normally assume

| that the marbles are different even though the typed symbols look alike.
The point is that if a set is to be discussed, you, as learmer or as
teacher, should make certain that it is clear precisely what the elements
of the set are.

The symbol Y=" is used in a somewhst special sensc in set theory.

while in some contexts it might be proper to say that
a dozen marbles = a dozen pencile,

in set theory, "=" is used only to mean that the two sets mentioned are

actually the same set. Thus {g,a,b} = {b,q} meang that {a,a,@} and {b,é}

are actually the same sete

Set theory allows a get that has no elements, whieh is called ﬁ,

the empty set. Using this symbel, we can express the fact thal there

arc no elements common tO {a,b} and {p,d} by saying that ¢ is the set of

elements which are in both {agbs and {pgdjn This special and very

madimentary set, ¢, has an important role in the mathemutical development

of nonber.
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let us now use the convenience of the symbols of set theory in

-examining fundapental number ideas,

CARDINAL NUMBER

The approach to numbers used by the primitive king in the firat unit
is studied in methematics through one to one correspondence. Two sets can
be put :lm;b one to one correspondence if their elements can be matched,
For example, the diagram below represenis a one to o.ne correspondence

between the sets A a{a,b,c} and B = {O,A.CJ}
a8 b c

Ll
A O

We will use the symbol ~~to indicate thet two sets can be put into one to

one corrvespondence. In the example above, LB is read A is mwﬁ to
‘B, In contrast, A = B means that A snd B éi'e different naomes for the same
get, With an eye to psychological ‘chem*y and its implications for the

classroom; we note that AVB ls aleo demonstrated by both of the following

diagramss

a b @

l'm s 0 //O '
. a / \
!
‘ |
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Conservation over pairs ysed is achieved when a child recognizes that the

equivalence of two sets cannot be destroyed by changing the matohing used.

| |
AN N, PN

‘ Fi 30 m@lm l"p

| For exampies
a b

both show that A~vB.
Copservation gver configuration is achieved when a child recognizes that

the equivalence of two sets canmot be destroyed by moving the élements of

thé sets. For oxampla,

LTJ\bO

A O AN

Figure 5. Figure 6.

é Configuration conservation is a peychological and pedagogical concept,

but not a concept of mathematical theory. As diacuased earlier,.the basic
gat theory notion is the "is an element of" or "belongs to' notlone

U () {.D,A,Cﬁ; regardleas of vhere L1 ig, or if it is actually enywheres

Stated more proparly, thia says that the location nf the elementa of a

set is not‘pertinent to get theoxy.

A mathematical epproach to number commences with the definitions

$wo sets have the same cardinal mumber if they ar~ equivalents It is
worthy of note that this definition does not explicitly define cardinal

numbers it is not stated in the form "a cerdinal number 18eeo’~ What

ERIC

Full Tt Provided by ERIC.
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} the definition gives is a relation betwaen pdira of sets. If tvwo sets

are specificd, the definition allows us to answer the "yes or mno" question,
F do these two sots have the same cardinal mmber?

Accordingly, we can desoribe one property ot a set by eaying that it |
has the‘agma,cardinal number as some other set. For example, the sét of
fingers bnﬁmv 1left hand can be described by saying that it has the same
. cardinal number as the set of toee on my left foot. It has the same
cardinal number as an& set of pennies which is proper change for a niokel,
and the same cardinal number as the set {?.b.@,d,é}o A young ohild shows
'undeiotanding of the cardinal number concept when he holds up two fingers
and says "I want this many cookies", or when he tells how many eyes he has
by holding up two fingers and says "this many". The wise man in the
primitive king story also understood the concapt when he hed the scout tell
hov many enemy troops there were by handing The king the pebbles end saying

"this many_" o

Y0 MATHIZZATICAL DEFINIPIONS OF NUMBER BASED ON EQUIVALENOEI-

| As doveloped above, cardinal number is defined by the statement,

1., A few of the sections whioh follow are marked with a *. While
understending these sections requires no added background, they have
two cojectives beyond those of the unstarred sections. First, they glve
historical background concerning the mathematical development of some
topics which relate directly to the number and order ideas of these unite.
Second, they consider mumber and order ideag in a more philosophical and
mathematical sonse than is necessary for a firet consideration or for
classroom use. (This is not to imply that they would not be useful.)
More specifically, the first three starred sections look at attempts to
answer the innocent sownding, but philosophically and mathematically
troubling, question: what is a number?
| As gstated above, the starred sections reguire no added background.
However, they are independent of the other scetions, and conatitute
digressions from the main flow of ideas, no that the reader may wish to
omit them on first reading. |

©
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"Iwo sets have the same gardinal number if they are équivalent." Although
for most purposes this definition is adequaﬁe, 18 8 logical sense it would
be more satioﬂyi#g %o have a definition that ﬁeaan "A ca;dinal numbbr ¥ PRI
Such a definition would permit a direct answer f& ﬁh& question, what is a
cardiral mumber?; rathor then the somewhst indirect answer that a sét has

a certain oardinal number if itlia equivalent to a set whioh is known to
have that dardinal number.

One way to make such a definition is to define cardinal number as a

hrbpérty abetracted from equivalent sets. This viewpoint was taken by
Georg Cantor in 1895

We will oall by the name "power" or "oardinal number" of
M the general concopt which, by means of our active faculty
of thought, arises from the aggregate[set] M when we make
abstraction of the nature of its various elements m and of the
order in which they are given.

. We denote the result of this doublelact of abstraction,
the cardinal number cx power of M, by Mo .o

Of fundamental importance is the theorem that two
aggragates of M and N have the same cardinal number if, and
only 1f, they are equivalent: thua,
from M~N we get M = f, and
fron ﬁ ﬁ 'i"e get I‘{Nmozool
To contrast this with what follows, note that to Cantor, a set and a

number are dissimilar in nature., To him a set is a collection of definite

3

and separate Objects, while a number i3 an abatracted property. Canbor

l. Cantor, Georg, Contributions to the Founding of the Theory of
Transfinite Numbers. 'Translator: Philip B. B, Jourdain. New Yorik:
Dover Publications, Inc., 1952, p. 86,

20 Ibidu pa 870 :

3¢ Tbide pe 85. "By an ‘aggregate! (Menwe) we ave to understand any
cellection into a whole (AuqamWﬂnfasqunr mm elnen Ganzon) Ii of definite
and separate objects m of cur intuliicn oy our thought.”

ER&C
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asks, "Is not an aggregate an dbject,ggggidé us, whereas its cardinal

number is an abstraot picture of it in our mina?"1

In 1903, Bertrand Ruaﬁéll building on eariier work of Gottlob Frege,
avoided introduoing the notion of ebstract property in the definition of

mumber by defining a number to be & set: "The rumbar of a clgas [set] is

tho class of all those classes that are [equivalenﬂ o _1._1_:_."2 Thus for
Cantor, 2 is a property which can be abstracted from the set {h,q}. while
for Frege and Russell, 2 is the set of all sets equivalent to {é,ﬁ},

2 -({a,b},{A.@}' 53’9 ooc} o
Russell justified this approach:

We naturally think that the class of couples (for example) is
something different fi1om the number 2, But there is no doubt
about the class of couples: 1t is indubitable and not
diffioult to define, whereas the mumber 2; in any other sense,
is a metaphysiocal entity about whioh we can never feel sure
that it exists or that we have tracked it down. It is
therefore more prudent to content curselves with the claass of
couples, which we are sure of, than to hung for a problematical
nuzber 2 which must always remain elusive.

STANDARD SETS

Let us couslder further the abstraction invelved in answering a

| question with the word "five" rather than displaying the fingers on one
hand and, saying "this many". When wea tell a person who knows about using
cardinal numbers, that set hag five elements, he knows that the set we ave
trying to deacribe hag the same cardinal mumber as the set of fingers on

} any well-formed hand, or aony set of penmnies which is proper change for a

lo Ibide po 80
2. Russell, Bertreud, Introduction to lathematical Philosophy, Londons
| Gf)ﬂrg?,'@ Allen & Unwin,, I.Jr.{.‘Do; 191:83 Do 18,
3. Tbid.
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nickel, or the set {V,w,x,y,3}. For the seke of definitencss, ve may
choose one such set as a standard for 5. Thaen, when we say that a set has
% elements, wéd will mean that the sot in question has the same cardinal
nﬁmbér as the standard set we have specified for 5. |

The choice of a standard sot £or 5 is beat determined from the
oxperience of the user. Sinco we have made extensive use of sets of
1ettars, lot us teritatively agrea to say thaf any sot that has the same
cardinal numbar‘aﬂ-{?,b,c,a,é} hes the number 5, that is to ssy, let us agree
to choose the set {P,b,a,d,é} as a atandard for the number 5. Let us further
égroe to the following standards:

Any set equivalent to 8 _the cardinal numbe

{byay

N

{8 1

g 0
{csa'@‘ 3
{é,b,d,q} kb,

and so forth,

Note that, from this viewpoint, no counting is involved. If we want
to know the number for the set @],A,O, })} which we will c¢all D, we must
find the set from the liet of standard sets which is equivalent to D and
give D the number for that particular standard set. Since Bfw{g,c,b,q}g
the number for D is 4. This use of equivalent eets to explain nunben
¢en be compared to measuring lensth. 1o messure s poncll five incheu long,
we matoh the pencll with five of the sotaaderd ined wailte on ¢ zvlew; ip

¢ 1 . - . .- el g% sy,  JRO B
‘maasuring” a varticolor sot, o mesel Ab with e atondesd fohe
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#A UNIVEHSAL STANDARD
We are considering standerd sete priwarily to stress the ome-orie

cofreapondenué basis of cardinal number. However, gome insight into the
mathematician's use of standard sets can be geined by analogy %o the

physicist's use of stendards for physicel units.

Our selection of alplisbetic sets for standards was made for convenienoe,
as you might choose a convenient yardstick as a standard for measuring the
'haight of o window. But scientists have recognized the need for universal
atandards. Universal stendards for length have been internationally

adopted:

In 1689 the International Bureau of el ghts and Measuros
prepared a mumber of platinup-iridium meter bars and determined
with great exaotness the length of each, One bar, No. 6, was
adopted as the International Prototype, its length being
conaidered 1 meter. |

Recent developmenta.havé allowed even nora precise atandards, for instanoce

in 1948 ve finds

Developments in spectroscopy meke it possible to define
lehgth in texms of wave lengths of light. This has the
advantage of providing a primary stendard simultaneously
available in many differcnt places and not subject to
dietruction or alteration. Oné meter equal to 1,55%,164.13
vave lengths of red cadmium radiation has geined wide
racognition and is used by the International Astronomical

Union.

Iator, in 1960, action was teken on an international basia:

It was agreed at the Lleventh: General (International)
Conference on Weighte and Measures to redefine the meter in
terms of the wavelength of the orange~-red radiation in vaouun
of krypton 86 corresponding to the unperturbed transition -
between the 2p and 54 levels as followss

1 meter = 1.650 763%.73 wave lengthaoa

1. National Comneil of Teachers of Mathematics, The Metrlc System of
Welehts and Measures, Buresu of Publications, Teachers College, Columbia
University. New York, (1948), pp. 297-298

5, "Units of Weight and Measure"”, United States Dept. of Commerce, Natle.
Buresu of Standavds, lMiscellancous Publications 233, Washlngton DeCuy

(1960); pe 3
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Ag the physioist has attempted to root his sclience in fundamental
thysicel phenomena, the pure mathepatiolan has tried to root his domain
in fundamontal logical and mathematioal concepts. As mentioned at the
Yoginning of Unit II, one of the moet basic mathematical oonoepts is tho
set ooncapt, a;;d further, the most rudimentary set of d, the empty set,
Honoe, sets built up using # and the basic notion of set formation have
1

beun offered as universal standards for number. In 1923, von Noumann

suggested the following, which have gained some recognitions

0 - ¢

N

énadh nonbnegative integer 38 thus the set of all non-negative

integers that precede it.)

Ap with physical measurement, the universal standards for number
(1ike the other mathematical definitions of number) are not used in every-
day situations, although, like the wave longth definition of a meter, the
* proposed number standards are universally available. As the physicist
refer; $o his universal standards when he wants to he extremely precise,
80 the pure mathematician refers to his univergals in establishing

fundamental mathematical lave.

1l.. von Noumann, J. "Die Axiomatisierung der Menmgemlshre." HNath. zeib.,
Vol. 27 (1928), 669-752

2. The term "ncn-negative xntegar" is usaed rather than “natural number"
or "counting number” because 0 is included bar@o
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EXERCISES AND DISCUSSION (ULSTIONS

le lot A = {r,a.t}a Give a eot which 1s equivalent to A but not equal
%o A, How many (ifferent sets are equal to A?

'-'fh:lch oxporiinenta desoribed in Unit I oonoernm children who fail to
oonserve onewcne correspondence over configuration? Explain.

30 '{a,b} and {6,df ocan be paired in two different ways, namely:

a b | a b
and

c d d o

Figure 7. Figure 8.

if we aere oonsidering only whioh pairs of elements ares used, In how
many different ways can {a,b, c} and {d,e,f} Ye palred cohsidering only
changes in pairing? | |

4, Using an alphebetioc standard set, explain why the number of fingers
on yo;ar left hand is 5.

S50 Describe how the primitive king of Unit I might have set up and
used standard sets for his kingdom,

6o What pairs of sets might be used by kindergartners for learning
about ;)ne to one correspondence?

*7. Would the set Russell defines to be 2 serve as a gstandard set for

2%
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Unit 3. Counting and Order

THE COUNTING PROCESS

‘There is an alternate way of oonceiving the natural numbers which
{

does not involve the cardinal idea of "number for & set" at ite cutset,
as was tﬁe case in Unit II. We can investigate the rote~counting prooess
independently of its use in enumerating elemonts of sets. In 80 dsing, we
are, in a sense, putting ourselves in the position of a three or four year
old child who has learned the sounds "one", "two", "three", and so on, in .
order; buﬁ{who has not learmed tge speoial use of these sounds as symbols
desoribing the number of elements of a set, A child learns this sequence
of sounde just as he léarns the sequence of sounds "a", "b", "g"eesy and
as y;u can see, there is just as much in the sound "e" to suggest this
manys \1*+J\ as there is in the sound "five",

Two notions basic to the natural numbers are cruciel in rote-counting:

(1) Rote~counting starts with "one”.

(2) At any point in counting, there is a proper next gound. A child

vho tote counts "three, four, five, gix" falls to comply with (1) and a

child who counts "one, two, six,; seven" fails to comply with (2)o

ATHE PEANO DEFINITION OF THE NATURAL NUMBERS

A mathematicel -definition of the set of natural numbers which can be
geen to stem from the counting proceass iz the Peano system (1891), which
was developed by an Italisn school of mathematical logiciems in the latter

part of the 19th eenturyol Thelr procedure was to define the set of

1. Poano, Ge, "Sul Conmgcetto di Numero", Rivista D I Maolematloa, Volo I
(1891), po 90o

Aruitoxt provided by Eic:
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natural numbers to de a set which has certain characterizing properties,
taken as axioms.
This is the same general proceduras used, for example, in defining
the set of children to make a trip to the fire station by raequiring them
f to bave the followirng properties:
(a) they are kindergartners
(b) their teacher is Mrs. Applesat a
{e) they have a nots of permisoion from home,
‘ In a medified form, the Peano system says that the.naxural numbers
| are the elemonts of a set which has properties (1) and (2) of the previous
‘section, together with

(3) once a mumber has ocourred in the counting sequence, it won't
oeour again

(4) any natural numbér can be reached by counting far enough,

The Peano definition vas one of the early axiomatiec definitions of
the set of matural rumbers {(i.e. a definition made by requiring that the
object défined satisfy cortain axiomatic properties, rather than a
definition directly stating vhat the defined objeet is, such as the Russell-:
‘ | Frego definition). The Peano properties were originally stated im a

technical languagze of symbolic logic. The properties stated above are no%
intended to reflect precisely the Pesno sysiem, but only 40 give the
general flavor of the epproach, in the context of our emphasis on ocunting.
Counting was aveided in the criginal formlation by using the more
elemental noticn of gugcesser (2 is the successor of 1, 7 is the suscesaor
of 6), A statement of the definimg properties which is closer o Peano's
original ies

(1) 1 is a number
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(2) the sucoessor of any number is a fumbexr
(3) io two numbers have the ssme successor
| ‘,fk) 1 1s not the successor of any number
| (5) any property which belongs to 1, end also to the successor of

every number which has the ﬁioperty, belongs to all natural numberaol

ORDER AND COUNTING

In the preceding unit, in order to keep the.bésic set ideas as simple
as possible, the idea of an order for the elements of a set was avoided.
Por exampla, {9,b,§} ='{9,a,§}, and the only resason thét order sneaked in
a£'g11 is the necessity of writing the three letters in some order.
waevaf. in rote counting, order becomes important. Therefore, to avoid
confusion, if we wish to denote that the elements of a set are to be
thought of only in a certain order, ve will raplace-the braces with

parentheses. Thus, while {p,b,q} - {P,a,g}, (ayb,0)f (cyash) , 1oee,

'(a@b,o) end (eyayb) are difforent ordered sets.

/o can now see & ohild who can dependably count to four as having a
working acquaintance with the ordersd set ol sounds {one, two, three, four) o
Note that you have an advantage over a four or five year old in vaderstand-
ing the nature of this set, You have a double perception of the order in
which the elements ocsuY. Firat, you can hear the orier &8 you rote
county you say ‘two" sdme time before you say "five" just as the child
doe. You alse have a long established visual perceptions you perdeive

that "two" is written somevhere %o the left of "five", when the numbers

.lo Russell, op. cits PP 5«6
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'ara writtan in their proper order. Equating "to the left of" with "before"
is the result of much learning, as teachors of eerly-elementary grades uéll
know,

We will postpone & more detailed conaideration of the order idea for
its own sake, and proceed directly to the connections between rote counting y
and cardinal mumber. As mentioned above, a child who can dopendably count
%o four has a ﬁorking acquaintanee,with the oxdereé get of sounds (one,
two, three, four), even before he has aagoolated aﬁy'visual perception’
with the gounds. In faot, if the child can stop counting a% will, he ;an
gay, in order, tho elements of any of the ordered sets of sounds belows

(one)

(one, %wo)

(one, two, three)

(one, two, three, four),

( e 0o ¢ ¢ o 66 v 0 0 6 & © o)
and, as the child extends his rote counting, his list of ordered sets

ZrOWSe

APPLICATION OF ROTE COUMNTING 70O CARDINAL NUMBER

Az gsoon as the sets ahove ere written (iFf not befove) it becomes
clear that they are the sets ordinoxily used as standards in cardinel
mambey gitvationz. DBut cur Bse of one of these sets inmvolves more bthen
the arbitrary selection of a set of scunds as a standerd set. The saying
ordar of the sounds in the set iz crucial. A child who counts the
cloments of the sct {{A goyﬁfiz- in either of the saying orders indicated by
the arrows has produced a one~one correspondence hotween {one, tuo, three)

.
/”"“""""“‘"”""'\m /ﬂ""""“ \‘:& , /" it wm\m)
"one® "thraz® Hhug” "one!" "Huo" "threaV

A O Iy A O L]

Pigure 9. Figure 10
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and {A ,COfy but he hag not counted tho elements of{p ,A.Q} properly. Thus
the order in the standard sets is essentisl.

But why mist this complicating notion of order be injooted? We have
agreed to say that a sot has 3 elements if 1t is equivalent to {tvo,
three, onel. Why talk of another use of three? The answer is that, by
insisting on order, we can obtain the economy of using the symbol for 3
in two different vays:

(1) "Three" is the last element in the ordered set of snunds

(one, two, three), and

(2) "Threa" is the symbol for the cardinal number which applied

to {2,0,13} means that it is equivalent to (one, two, three).

Thue we see the cardinal mumber idea as fundamental. For any set,
the fundamental number question is: what is the ca%dinal number for the
set? A basgic technique for snswering this duestion is to count the
e¢lements of the set, that is, to form, in & one after the other manner,

a one-ono correspondence between the set in question and the one and
only set of the ordered sets (one), (ove, two)e.. with which such a
correspondence can be made, and then to give the set in question the

wamber nemed by the last e¢lement in the ordered set used to count it.

ORDINAL USAGE OF COUNTING

In many situations, & particulap numberﬁobjeatimatch is soughl,
rather than the cardinal number of some set. For @k&mpl@p consider a
wall orgenized, artistic scclalite, who has reaaivéﬁ flowers,

"Bring me the third vase from the left from the top shelf," she
directs her hugband. A% this poind, the problem that confronts the

oband is the idemtification of a particular vase, rather than the

determination of the cardinsl mmber of o set, even though he may count
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to three in the course of the sclution. This usage of number has
traditionally been called the ordinal usage.

As 1llustrations of ordinzl usage, let vs consider uses of number
involving a man and his automobile license, starting as he enters the
{4cense Buresu to purchese his plates. As he takes his place at the end (
of the line, he gains both a cardinal and en ordinal fact by a single
act of counting. He learns that he is thirteenth in 1ine, and that 13
peoplo will be served before he returns to his cari

Finally the license plates are purchased; the humber is NO 1313,
Does the auto owaer us 1313 ulrdlnallv or ordinally* Frobably neither.
To him, KO 1313 is only dnother temporary name for hls vehicle, to be
uged in fbrmal situations, such as in completing insurance forms,

A few weeks later, NO 13133 owner has a minor scrape in the
perking lot, in which his bumper scrapes some paint from the fender of
a parked ocar. Since the tiny scrape is inconsequential, he leaves the
érea immediately. The owner of the soraped car, however, who returns to
the parking lot in time to note that NO 1313 is the license number of the
departing culprit, does not feel that the scrape ig ingomsequential, He
notifies the police, who notify the Ilcense BureauQ' The Bureaun uges 1313
ordinally to identify the car's owner.

Leaving FO 1313'n owner to his fate, let us examine the process
that the cloxk uses in locating 131% in the NO gection. He finds the
page containing numbers 1%00«1%40, puts his finger down at a guess point,
which turns out to be 1308, and moves down the page %o 1313,

In uging this process to find 131%, the clerk uses skills based on

a thorough knowledge of the counting preocess. When he rsads his guesas

of 1308, he knows immcdlately that he must move down the page rather than




up, and that he is near encugh to 13513 so that he can move his fingor
down the page in a quick counting-like process, rather than making a
Jump to a mew guess, |

The process of finding a particular number in a sequence of
conseéutive numbers occurs in the early gredes as children try to find
the proper page in their reading books. In gaining proficiency at this
skill, children build on their ability to count. First, they learn to
racognize which of any pair of numbers is larger. To see how this relatés
back to counting, compare it to usiﬁg the diotionary. Are you sure
immediately which of 1 and h comes earlier in the alphabet, or do you
recite to yauraelf, "Hyledoky1"? Then a child muat extend his knowledge
of the sequenca of natural numbers until, at a glance, he knows not only
which of two numbers is larger, but roughly how f&r apart shey are.
(Note that this question, i.0. how far must I go to get from this page to
the page I wvant? is = cardinal number questioni the most dirvect solubion
for an exach anewer vould be aschieved by counting the set of intervening
pegen.)

We see then that the counting numbers ave used ordinally as well as
cardinally. In what follows, sets of numbers which are not in the usual

one-afber-the~other sequenco will be used ordinally.

ORDINAL USHE OF NON-CONSECUTIVE SEDS OF MATURAL KUMBRRS

Any anto owner's licsnse muber iz, to him, usually only a name for
his cawr. Gimilarly, for Dove, a cosuel spectator, the number on the back
of a baseball player's unifors io o nawe, » hoandle, with which do keed
track of 2 »layer. The synbol %% vould do an aicaly ua bhe gymanl "o,

My - 0 WU '= . JE T R S o . ISR SR T 0
“n the obthow hend, Wwead, o lons mawnnd Pany who onevery San Nasa much
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a ligt, part of which is:

4 Dexmats
6 Kaline
23 Horton
2l Stanley
26 Brown
30 Northrup
31 Redmond

Even though the numbers used in the list are not consecutive, they
facilitate the identification of players. But the process of locating a
particular number in the sequence may be more trouble than when the
rumbers are oonseoutive., Whether one must go up or down a list such as
thisz one to get from onc number to another is deoided in the same manner
in which it would be decided if the list contained all the natural numbers
from 1 to 31, 3But making even a rough ¢gtimate of how far one must go to
get from one number o another is a chancey business, To use, another
exanple, consider the accnfusion tﬁat oén occour in trying to locate an
eddress when the house numbering Jjumps 1000 unesxpeotelly. -

The use of sets of natural numbers which are in their usual order
but which are hot consecutive suggests that situations exist in which the
“next after" or successor properties of the set of matural numbers are not
essential., In fact, as the following section shows, there are clrcumstances
in which a set (usnally a set of wirbers) is needed for ordering in which
olements do not have sucocessors, i.@. in which there is not an element

mext after" each element.

ORDER WITHOUT SUCCESSORS
A situation somevhat similar to searching for a house by making vse
of its address is seosrching for a book in g library using ite cell number.

Ag in the ordinal usage of the natural numbers, two sets are involveds the

set of which we seek a particular element, i.e. the set of books in the




library, and the order keeping set, i.e. the set of call numbers. On a
perticular day, a call vumber in the set of call numbers used in the

1library has a successor. QA 1 N 48 may be next after QA 1 N 47. However,
on the following day, the library may acquire a book which, according to the
Library of Congreas system, should be after Q4 1 N 47, but before QA 1 N 48.
Phis book might have been assigned the number QA 1 N A473.

The set of natural numbers is inadequate for use as an oxder keeping
get in sitvations such as this since the zuccessor properties do not allow,
for example, a number between 47 and 48. However, the natural numbers can
be extended to an adequate set by introducing decimal fractions. Between
4T end 48, we can introduce 47.%. Thue, in the set of all decimal fractions,
as in the set of all possible Library of Congress call pumbexs, it is

meaningless to speak of the successor of an element,

*SIMPLE ORDER
In the preceding sectionsg, wo have sesn how ordered ssts of numbers
are used to keep track of the elaments of other gets, for cxample how &
set of house numbers iz uzed Lo koep track of a set of houses, But the
idea of ordor 1tozlf has been aualyzed conly pertially, by noting such facts
a8 {a,b,0) £ {040,b)e It is possible to be mors wrecise sboub what is
meant by saying thnt a zet o ovdered.
Lot ue uoe vhe symbol‘(; S0 amucwalize fwon tho ddorns Mo Sha 1ol ottty
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possibllitles below is true:
Xxmy or xSy or y<x (trichotomy property)

(2) if x,y, and z represent elements of S and if

x<.y and Yy <%
then it must be true that
X< 2 (transitivity property).

‘The éet of natural numbers is simply ordered, but the concept of
simple order, delined by the trichotomy and transitivity properties, is
more general than.the natural number ldeas The set qr all moments in
time is zimply ordeved by the relation "before™, but the elements of this
set are too nunercus to keep track of with the naturdl numbers. Another
such axgmple iz the sel of all points on a horlzontal line with the
relation "o the Tagt GE" e

The fermlation of slmple order given by Cantor in 1895 was:

We call an aggregate M "aimply ordered” if a definite “order
of precedence (Rengordoung) rules over its elements m, so that,

of every two elements my and B,y OO ﬁgkea the "lower"” and the

other the "higher" yank, and sd that, if of three elewments My

D,y and m,s m, B2y, is ol lower rank than LY and B, is of
16wer rank th mﬁ, then 1, i of lower venk than m3u

w

The relation of two elements m, and m,, in which m. hap the
lover rank in the given order of préoed@ncg and m,, the %ighar, ie
expressed by the formalac:

By gy 9 By >
#ORDINAL NUMBER

A peneral notion of ordinal number can be developed independently of

o

1o Cantor, op. cite p. 110
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the ordinal usage of the natural numbers by using e more restricted
definition of the one-cne correspondence. Consider two ordered sets,’
A = (a,b,0) and B = (1,2,3). Ilgnoring order, these two sets can be

shoun to be equivalent by various matchings, including

a b (4]
t><f l and

1 2 3 1 2 3

e b c

However, only the second matching preserves the crder, that is, only the
gecond matohing assures that if {two elements in A are related by< , then
the corresponding elements in B are alsc related by <. For example, in
the second matching above, the fact that adb in A is reflected (preserved)
in B by the fact that 1<2, But in the first matching the order is mot
preserved, as is shown by a<\b, but 2 1.

Definition: Two ordered sets whose elements can be matched in such
a way that order is preserved are oalled gimilar and are said to bave she
gome oxdinal number.

An example of a similarity between two simply ordered geta that
children learn is the sirvilarity between the ordered set of sounds (one,
two, three,seo) and the ordeved ses of written symbols, (1,2,35s00)0
Another often used similarity botwecn (o eoto is the ope betuweon the set
of momentz in time and the points on & lines

s 1 - Lo, I [ e

1000 BC 500 BC 0 50O Ah 1000 AD 1500 AD 2000 AD

in foet, any tine en ordsrel ool of syabole 13 uged %o dunotn the

! oy K ",. s e ca'!n KX - ~ - - . - B
alomante of o set (bovse wmarbars for o hedses en oan gide of o stwecy,
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INDICATIONS FROM PSYCHOLOGY
Peychologisiw havé studied the development of order ideas by chlildren.
As in the ozge of csrdinal number ideaa, they found various developmental
stages. As an illustrstion of the type of work done, a desoription of
part of one of the less involved experiments performed is quoted belows
The child is given a set of ten little sticks of varyin
lengths and is asked to foxm the series from the shortest (A

to the longest (K).  4As in fignre 11, when this has been dome,
he is given, one at a time and in order, nine more sticks (which

Figure 11
B ¢CbE PG A I JK

we shall call a«~i), He is t0id that these had been forgotten
and are now to he insexted in their places. 1
We then get the series: AaBbCeDdEeFiGgihliKlk,

The general results weres

There are three distinot stages in the seriation of the
atickse... First comes a period {both subjects whose behavior
wos analyzed vere 4 years, O months) during which the child
always fails to make the cowplele series, even for A-K,
Suceeeding only in malking several short series which he puts
gide by side without regerd to the order of the whole series,
Or else he succceds in Wuilding thoe staircase, but ouly considers
the tor of each stick, ond disrogards the base, and thus the
tobal length of cach elcuont, so that hio stelrcaese ia only
regular ab the hov, and ss the gticks are not placed in a
horizontal line they sre not in thoe coryect order of size. In
the second stege (subdecis Ix thisz stesge ranged fyos U years 6
menthe to 5 years 20 sonile), the ehild suceseds, by telal and
arvor, in waking e cormect ul-dreice, Wb hes not aoguilred a
syates of relotlenshiya By ooove of vhich crrer da ellwvinsted
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However, it cannot be assumed that & child who has reached the third
stage ie equipped to handle all problematioc situations ﬁhich can be
resolved into simple questions involving order. If the concreteness of
‘the sticks of this experiment is replaced by hypothetical abstraction, the
developmentsl level required jumps Crom what Plaget calls the period of
"gonerete operations" to that of "formal operations". |

The following neat example comes from one of Burt's tests:
"Edith is fairor then Susany Kdith is darker than Iilys who is
the darkest of the threa?™ Now this problem is rarely solved
Yefore the aga of 12. Till then we find reasoning such as the
following: Rdith and Susan are fair, Edith and lily are dark,
therefore 1ily is darkest, Susan is the felrest and Edith in
between. In other words, the child of 10 reasons formally as
children of <5 years do when merializing sticks, and it 1s mot
until the age of 12 that he can accomplish with formal problems.
wvhat he ecould do with concrete problems of size at the age of T,
and the cause of this is eimply %het the premiszes are given #e
pure verbal postulates and the conclusion is to be drewne..
without recourse to concrete cperaticnae

CONCLUDING REMARKS

In these units we have considered basic counting and order concepts
primarily from an informal, but essentially logical point of view.
Hopefully, af this point it is apparsnt that the idees that young children
(including Rindergarﬁn@ra and first graders) ave expected to digest are

not totally obvious., Russell has sald:

The most obvious and emay things in mathemabtlos are not
those that come logically at the begimnings they arve things that,
from the point of view of logical deduction, come somevhere in
the middle. Jugt as the casiest bodieg Ho see ave those that
are neither very near nor very far, nelther very small nor very
great, so the easglest concepbions to gragp arve thosge that are
neither very eogplex nor very simple (using "simple’ in a
logical sense)s

"y

1, Piaget, Jean, Tho Peychology of Intellisence, Noutledge & Kegan
Paul Itd., ZLondon, (1950) p. 149.
2. Russell, op. cits pa2e
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E Parther, the difficulties in teaching basic mathematical idess to
children are only partially solved by well stated logical premises and
insightful psychologiosl experimentas, although these are helpful. Stating
‘ a definition of cardinal number to 4 child won't help him much in learning
what he needs to know about how much 13¢ iss; pointing out to him that
{ cardinal number is preserved through vna~one exchanges won't éonvince him
that 1% permies exchenged for candies in a one-for-one manner will produce
13 ocandies. These things are learmed through expariénceo A paft oflthe
ar: of teaching is knowing what worthwhile ideas a child is capébiéfﬁf

learning and finding a great enough variety of experiences to allow him

%o gain a full grasp of thoge ldess.

EXERCISES AND DISCUSSION QUESTIONS

i% In the early grades, children cen use counting o find how many
children are pregsent., anud 40 see if there are enough caritons of milk
for the vhole cilgos. Iist some other sitvations in which children
can geln experience with counting objects.

2. The ancient Graeske used letiers of their slphabet for counting.
If we were to use such & scheme, what would be the duwal mathemaiblcal
role of the symbol "a"7 ‘

3. Why might learning the usuval left fo right order of writbten
symbols conflict with learnling e use robe-counting in finding the

onrdingl nunber of a aoh?
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5, The set of children in a olass can be "orderad" in many ﬁays,
for oxemple by using their birth dates or telephone numbers. Ildst
several other ways of ordering the children in & clesa.

6. Sometimes a relation appears to order a gset when actually it
is too nebulous to do so. There is a story of a king who tried to
use "more beautiful"” %o order his ten davghtera, only to find that
each was more bemutiful thsn all the others. Children sometimes
assume that such false orderings are valids for example they
assume there is an ordef of desirability among the available
playthings. Iist geveral other false orderings.

#7, Consider the set of polnts pictured in Figure 12 and the

relation "ebove".

a,
b C

d & £
Flgure 12

Does this relstion have the trichotony property? the Yransltlvisy

-~ property? Is it a gimple order? a partial order?

%@, Qive two exomples of ordeved sots which are parbially ovdered,

but not simply ordered.




